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Emergent elastic waves in skyrmion crystals with finite frequencies at long wavelength
limit
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A fundamental fact in solids is that the frequencies of elastic waves vanish as the wave number
approaches zero[1]. Here we theoretically show that this fact is overturned when studying the lattice
vibration of skyrmion crystals[2–4] (SkX), i.e., periodic alignment of topologically nontrivial spin
solitons called magnetic skyrmions[5, 6]. As emergent crystals, SkX possess collective excitations
called “emergent phonons”, which describe dynamics of SkX caused by lattice vibration (resembling
acoustical branches of ordinary phonons) and in-lattice vibration (resembling optical branches of
ordinary phonons). We find that lattice vibration and in-lattice vibration of the emergent phonons in
SkX are coupled even at long wavelength limit, such that multiple types of “emergent elastic waves”
(modes causing lattice vibration of SkX) with finite frequencies exist. This phenomenon, which
originates from the Berry phase form of kinetic energy, is generally true for emergent crystalline
states of spins. Our results show that the dynamics of magnetic emergent crystals are intrinsically
different from that of ordinary crystals.
Magnetic skyrmions[2, 5, 6] are particle-like spin
textures stabilized by the noncollinear Dzyaloshinsky-
Moriya interaction (DMI) in chiral magnets. Skyrmions
appear as basic units in an emergent world such that
they usually condensate into a crystalline state[2, 3, 7]
called SkX. Similar to ordinary crystals, the presence of
SkX induce a novel type of collective excitations accord-
ing to previous studies[8–13], which we call it “emer-
gent phonons”. The significance of this novel type of
collective excitations is twofold: on one hand, similar
to phonons in ordinary crystals[14], they determine the
dynamical behaviors of the system, as well as some of
the most fundamental macroscopic properties such as the
elasticity[15] and heat capacity. On the other hand, they
are intrinsically collective behaviors of spins. This elec-
tromagnetic nature permits direct interaction with static
or dynamic electromagnetic fields, inducing exotic prop-
erties such as high electric current mobility[8, 16], elastic-
ity under electric[17] and magnetic fields[18], which are
promising to possible microwave- and magnonics-related
application[19].
Phonons in ordinary crystals are divided into two cat-
egories known as the acoustical branches and the opti-
cal branches[1]. At long wavelength limit, the acoustical
branches, corresponding to elastic waves, describe vibra-
tions of lattice as a whole and have vanishing frequen-
cies, while the optical branches describe relative vibra-
tions of atoms inside a lattice and have finite frequencies.
Such a categorization is subtly used in previous analyt-
ical studies of emergent phonons in SkX. Zang et. al[8]
consider the acoustical branches of emergent phonons in
SkX at long wavelength limit, and obtained a ω ∝ k2
form of dispersion relation. In their study, SkX are re-
garded as monatomic crystals whose deformation at long
wavelength is described merely by a continuous emergent
displacement field, representing vibration of the lattices
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as a whole. On the other hand, SkX can be described by
a Fourier series[2, 21], and the vibration of the Fourier
magnitudes, seemingly not inducing any lattice deforma-
tion, can also cause a change of the field patterns of SkX.
Schwarze[9] et. al study the vibration of these Fourier
magnitudes, recovering the three distinct modes termed
clockwise (CW), counterclockwise (CCW) and breathing
in the few GHz range observed in Cu2OSeO3[10], MnSi
and Fe0.8Co0.2Si[9]. Nevertheless, the displacement of
the lattice as a whole is not considered in their formu-
lation, for which their analysis seems to be focusing on
the optical branches of emergent phonons in SkX. A key
issue unsettled in these studies is that at long wavelength
limit, do the acoustical branches and the optical branches
of the emergent phonons in SkX couple, or do they be-
have like independent vibrational modes such as those
of ordinary crystals. By systematically studying the two
types of vibrations together in SkX, we find that they are
strongly coupled even at long wavelength limit, such that
multiple modes exist which cause vibration of the lattice
as a whole, while the so-called “Goldstone mode” cause
simultaneously a rigid translation of the lattice and a dis-
tortion of the field pattern of skyrmion inside the lattice.
We study Bloch-type SkX in B20 chiral magnets, where
the following Landau-Ginzburg functional describes the
rescaled free energy density of the system[2]
φ˜ (m) =
3∑
i=1
(
∂m
∂ri
)2
+ 2m · (∇×m)− 2b ·m
+ T˜m2 +m4,
(1)
where m is the rescaled magnetization, b is the rescaled
magnetic field and T˜ is the rescaled temperature. The
rescaling process is described in the Methods section. In
this work we assume that b =
[
0 0 b
]T
, so that eq. (1)
is isotropic in the x− y plane. The effect of anisotropy is
discussed in a subsequent work of ours[20]. Deformable
SkX with long range order permits the following Fourier
2expansion of m[15, 21]
m =
∑
l
mqe
l
eiql(ε
e
ij , ω
e)·r, (2)
where mqe
l
denotes the Fourier magnitudes, qel = l1q
e
1 +
l2q
e
2 where l1 and l2 are integers and q
e
1 and q
e
2 are the ba-
sic reciprocal vectors of SkX, which are deformable under
external disturbance. The deformation of qel is described
by the emergent elastic strains εeij and the emergent rota-
tional angle ωe[15], which are defined from the emergent
displacement field ue =
[
ue1 u
e
2
]T
by εeij =
1
2 (u
e
i,j + u
e
j,i)
and ωe = 12 (u
e
1,2 − u
e
2,1). Similar to atomic lattice, rigid
translation of SkX does not induce a change of free en-
ergy, thus it is εeij and ω
e instead of ue which matter in
the expression of m. The expression of ql in terms of ε
e
ij
and ωe depends on the crystalline structure of SkX, and
is introduced in the Methods section for hexagonal SkX.
At appropriate condition of b and T˜ , minimization of
the free energy based on eq. (1) yields a metastable
SkX[6, 21], while the thermodynamically stable state cor-
responds to the conical phase. Nevertheless, concerning
the exotic robustness of metastable SkX observed in a
wide area of the temperature-magnetic field phase dia-
gram of helimagnets[4, 22], the analysis of this metastable
SkX phase is not only of theoretical interest but also with
practical significance.
From eq. (2), we can describe the equilibrium magneti-
zation of a metastable SkX by (mql)st,
(
εeij
)
st
and (ωe)st.
Consider a small vibration around this metastable state,
which induces simultaneously a vibration of ue de-
noted by (ue)v(r, t) and a vibration of mql denoted by
(mql)v(r, t). In this case, eq. (2) becomes
m =
∑
l
[(
mqe
l
)
st
+ (mql)v
]
ei(ql)st·[r−(u
e)v], (3)
where (qel )st = q
e
l
[(
εeij
)
st
, (ωe)st
]
. It is convenient to
write components of all Fourier magnitudes mql in a sin-
gle vectormq, for which the two vectors (ue)v and (m
q)v
include all the variables to be solved. In previous theo-
retical studies of the emergent elastic waves[8, 11], (ue)v
is considered solely, while in previous theoretical stud-
ies of the internal modes of SkX[12], (mq)v is considered
solely. To establish an analytical framework which de-
termines the collective spin excitations in SkX, we have
to derive the coupled Euler-Lagrange equations for (ue)v
and (mq)v, which can be obtained from the least ac-
tion principle by using eq. (3) (See the Methods section
for details). Consider the plane-wave form of solution
(ue)v = u
e0ei(ωt−k˜·r), (mq)v = m
q0ei(ωt−k˜·r), a general-
ized eigenvalue problem of the frequency ω can be ob-
tained at long wavelength limit
(Rω −K)
[
ue0
mq0
]
= 0, (4)
where the expression of R and K are derived in the
Methods section. Solution of eq. (4) determines the dis-
persion relation of the coupled vibration of (ue)v and
(mq)v, as well as the eigenvectors for different modes.
We denote the frequencies of different modes by ωi(k˜)
(ω˜i(k˜) = ωi(k˜)/η, where η is a material dependent factor
such that ω˜i(k˜) is material independent), ordered in such
a way that ω1(0) < ω2(0) < ω3(0) < · · · .
We study the coupled vibration of (ue)v and (m
q)v
at the long wavelength limit. The real-space magneti-
zation distribution undergoing the first 6 modes calcu-
lated at T˜ = 0.5, b = 0.3, k˜1 = 10
−5, k˜2 = 0 is shown
in FIG. 1, resembling those of a previous study[23], ex-
cept that (ue)v is neglected in their work and consid-
ered here. The experimentally confirmed[10, 12] counter
clockwise (CCW) mode (ω3), clockwise (CW) mode (ω6)
and breathing mode (ω5) all shows up, and the varia-
tion of their frequencies with the applied magnetic field
plotted in FIG. 2 agree with corresponding experimental
results[23] (see Supplementary Videos 1-6 for the motion
of these modes).
Unexpectedly, we find that even at the Γ point, there is
still strong coupling between (ue)v and (m
q)v, such that
3 out of the first 6 modes cause vibration of the lattices
as a whole, while 2 of them possess nonzero frequency.
When we consider more modes by incorporating a higher
order Fourier expansion of m in eq. (3), we find that 7
out of the first 20 modes have similar properties, which
implies that a finite proportion of all modes present cou-
pled vibration of (ue)v and (m
q)v at the Γ point. Mean-
while, we find that the “Goldstone mode” (ω1), i.e., the
emergent elastic wave with vanishing frequency at the Γ
point, has nonzero components of mq0 in its eigenvector
of vibration. It means that the Goldstone mode (ω1) no-
longer describes pure rigid translational vibration of SkX,
but is accompanied by deformation of the field pattern of
skyrmion inside the lattice (as illustrated by Fig. 1(a1-
a4)). This Goldstone mode solved by considering cou-
pling between (ue)v and (m
q)v still possesses a ω ∝ k
2
form of dispersion relation at long wavelength limit, yet
with a smaller coefficient than the one obtained by solv-
ing the vibration of (ue)v alone (See the phonon spec-
trum plotted in FIG. 3 for comparison). Actually, this
accompanied particle shape deformation of the Goldstone
mode has long been confirmed when studying the dynam-
ics of isolated skyrmions[24–26] and SkX[27]. In isolated
skyrmions the particle shape deformation of skyrmion in
the Goldstone mode is found to induce a large inertia of
the skymion and significantly affects its dynamics. Our
results also explain why the experimentally obtained in-
ertia of isolated skyrmion[25] significantly exceeds that
of the related theoretical prediction[24]. Actually the
vibrational modes studied in the two works are differ-
ent: the experimentally excited modes[25] in the GHz
range corresponds to the CCW and CW modes of iso-
lated skyrmion[28], while the theoretically studied one is
the Goldstone mode[24]. The magnitude of internal de-
formation in the Goldstone mode is much smaller than
that of the CCW and CW modes, which dominates the
effective mass of the skyrmion particle during motion and
thus explains the discrepancy. Moreover, by analyzing
3its eigenvector of vibration, we find that this Goldstone
mode no longer possesses two vibration direction of the
lattices (corresponding to the longitudinal and transverse
elastic waves of ordinary crystals), but has a unique mode
of vibration where the longitudinal motion and trans-
verse motion of lattices are coupled. In this case, the lat-
tices of SkX undergo clockwise elliptical rotation around
their equilibrium position (Figure 1(a1-a4) and Supple-
mentary Video 1). The particle shape deformation and
rotational motion of the Goldstone mode presented in
Supplementary Video 1 are observed in simulation of the
current-driven motion of SkX[27]. The physical origin
of this exotic finite frequency emergent elastic waves in
SkX lies in the berry phase form of the kinetic energy.
To be more specific, it is caused by coupling terms such
as d
dt
(ueim
c
i) , (i = 1, 2) appear in the kinetic energy
density, where mci , (i = 1, 2) denote components of the
constant vector in the Fourier representation of rescaled
magnetization. As a result, the motion of uei , (i = 1, 2)
and mci , (i = 1, 2) are coupled in the mass matrix R in
eq. (4). Although in the stiffness matrix K, the coupling
between uei , (i = 1, 2) and (m
q)v vanishes at the Γ point,
mci , (i = 1, 2) is coupled with half of the components in
(mq)v, which together render a strong coupling between
(ue)v and (m
q)v. The above analysis shows that this
feature should be common all emergent crystalline states
composed of periodic spin textures.
Nonzero ue0i , (i = 1, 2) components in the eigenvec-
tor of a vibrational mode means that when the mode is
excited, global displacement of the lattice as a whole can
be achieved. An immediate consequence of this exotic fi-
nite frequency emergent elastic waves is that AC external
fields with different frequencies may be used to transport
SkX by exciting different emergent elastic waves. Since
these modes corresponds to different internal deforma-
tion pattern of SkX, we should expect different dynamic
behaviors when the SkX is moved by different modes.
Consider AC magnetic field as an example, an important
question is which of all the calculated modes can be ex-
cited. This depends on whether the considered mode has
a nonzero component of mci , (i = 1, 2, 3). E.g., CCW
and CW modes are excited by an in-plane ac-magnetic
field[10, 12] since they have nontrivial mc01 and m
c0
2 in
their eigenvector of vibration. The breathing mode is
excited by an out-of-plane ac-magnetic field since they
have nontrivial mc03 in its eigenvector of vibration. In
Table 1, we list the value of components of ue0 and mc0
in the unit eigenvector for the first 20 modes calculated
at T˜ = 0.5, b = 0.3 near the Γ point. The variation of
these components for the first 6 modes with the applied
magnetic field is plotted in FIG. 2(b, c), which shows
that the eigenvector of modes can be tuned by changing
the bias magnetic field.
Our study shows that the emergent elastic wave exci-
tations of emergent crystals in chiral magnets are fun-
damentally different from those of ordinary crystals, for
which the incorporation of emergent lattice deformation
and displacements when studying their collective spin ex-
citations is generally indispensable. Further research in
this direction not only helps us in understanding the dis-
crepancies between emergent crystalline states and or-
dinary crystals in terms of their dynamics, but may also
stimulate novel applications. We construct a reliable and
analytical framework to study the collective spin excita-
tions in magnetic emergent crystals, which can easily be
extended to cases where they are deformed[20].
I. METHODS
Free energy density functional of B20 chiral magnets
and its rescaling
We use the following free energy density functional to
study magnetic skyrmions in cubic helimagnets
φ (M) =
3∑
i=1
A
(
∂M
∂xi
)2
+DM · (∇×M)
−B ·M+ α(T − T0)M
2 + βM4,
(5)
where M denotes the magnetization, B denotes the
magnetic field, and T denotes the temperature. The
terms on the rhs. of eq. (5) denote respectively the
exchange energy density with a coefficient A, the
Dzyaloshinskii-Moriya interaction (DMI) with a coeffi-
cient D, the Zeeman energy density, and the second and
fourth order Landau expansion terms. Eq. (5) can be
simplified by rescaling the spatial variables as r = x
LD
,
m = M
M0
, b = B
B0
, T˜ = α(T−T0)
K
, and LD =
2A
D
, K = D
2
4A ,
M0 =
√
K
β
, B0 = 2KM0, which yield φ (M) =
K2
β
φ˜ (m),
while φ˜ (m) is given in eq. (1). The benefit of eq.
(1) compared with eq. (5) is that it provides a free
energy density functional that is independent of material
parameters, so that results obtained from analyzing eq.
(1) has general significance to Bloch-type SkX in any
B20 helimagnets.
Fourier representation of SkX and free energy
minimization
To determine a metastable SkX state at given T˜ and b,
one has to substitute the analytical expression of m for
the SkX phase into eq. (1), and minimize the free energy
of the system with respect to all independent variables.
In practice, we use the following Fourier representation
of SkX instead of eq. (2)[15]
m =mc +
n∑
i=1
ni∑
j=1
mqije
i[I−Fe(r)]Tqij ·r, (6)
where mc denotes a constant vector, F eij(r) = ε
e
ij+ω
e
ij =
uei,j, and qij denote the undeformed wave vectors orga-
nized according to the following rules: |q1j | < |q2j | <
|q3j | < ......, and |qi1| = |qi2| = ...... = |qini |. When
truncated at a specific value of n, the nth order Fourier
4representation given in eq. (6) saves all the significant
Fourier terms up to the nth order, which is hard to
achieve if one uses eq. (2).
It is convenient to expand mqij as mqij = cij1Pij1 +
cij2Pij2 + cij3Pij3, where cij1 = c
re
ij1 + ic
im
ij1, cij2 =
creij2 + ic
im
ij2, cij3 = c
re
ij3 + ic
im
ij3 are complex variables
to be determined, and Pij1 =
1√
2siq
[−iqijy , iqijx, siq]
T ,
Pij2 =
1
siq
[qijx, qijy , 0]
T , Pij3 =
1√
2siq
[iqijy ,−iqijx, siq]
T
with qij = [qijx, qijy ]
T , |qij | = siq. For 2-D hexago-
nal SkX, we can assume without loss of generality that
q11 = [0, 1]
T , q12 = [−
√
3
2 ,−
1
2 ]
T , and q = 1. Com-
paring eq. (6) and eq. (2), we have qeij(ε
e
ij , ω
e) =
[I−(Fe(r))T ]qij , which gives for the basic reciprocal vec-
tors qe11 = [−ε
e
12 + ω
e, 1− εe22]
T , qe12 = [−
√
3
2 (1 − ε
e
11) +
1
2 (ε
e
12 − ω
e),
√
3
2 (ε
e
12 + ω
e)− 12 (1− ε
e
22)]
T .
In this case, all the independent variables describing
the rescaled magnetization of the SkX phase can be gath-
ered in two vectors, which are given by
εea = [εe11, ε
e
22, ε
e
12, ω
e]
T
, (7)
and
mq = [mc1, m
c
2, m
c
3, c
re
111, c
re
112, c
re
113, c
re
121, c
re
122,
cre123, c
re
131, c
re
132, c
re
133, c
im
111, c
im
112, c
im
113 · · · ]
T ,
(8)
where the length of mq depends on the order of Fourier
representation used. For 1st, 2nd, and 3rd order Fourier
representation, the length of mq is 21, 39 and 57,
respectively. At given T˜ and b, minimization of the
free energy based on eq. (6) determines the equilibrium
value of the two vectors εea and mq for a metastable
SkX phase, which are denoted by (εea)st and (m
q)st.
Euler − Lagrange equation for the emergent
displacements and the Fourier magnitudes of
SkX
Here we briefly introduce the procedure to deduce the
basic equations describing the coupled wave motion of
(ue)v(r, t) and (mql)v(r, t)[29]. The action of any cubic
helimagnet undergoing small vibration of magnetization
reads
S = SK −
∫
Φdt (9)
where Φ =
∫
φdV denotes the free energy of the system,
and SK =
∫
EKdt derives from the Berry phase action
of a spin[30], whose variational form reads
δSK =
M
γ
∫ ∫
(n× n˙)δndV dt. (10)
Here n denotes the unit vector of magnetization, M the
averaged modulus of magnetization and γ the gyromag-
netic ratio. It is convenient to replace n in eq. (10) by
the rescaled magnetization m, which gives
δSK =
M
γm3
∫ ∫
(m× m˙)δmdV dt. (11)
where the value of m = |m| depends on the rescaled
magnetic field b and the rescaled temperature T˜ . Φ =∫
V
φdV denotes the free energy of the system, where
φ (M) = K
2
β
φ˜ (m) is deduced above and φ˜ (m) is given in
eq. (1). The rescaled magnetization for deformable SkX
can be expanded as follow instead of eq. (3)
m =(mc)st + (m
c)v +
∞∑
i=1
ni∑
j=1
[(mqij )st + (mqij )v]
× ei[I−(F
e(r))st]
Tqij ·[r−(ue)v ],
(12)
where (F eij(r))st = (ε
e
ij)st + (ω
e
ij)st.
The Euler-Lagrange equations of (ue)v and (m
q)v read
−
d
dt
[
∂L
∂(u˙e)v
]
+
∂L
∂(ue)v
−
∑
i
d
dri
[
∂L
∂
(
ue,i
)
v
]
= 0,
(13)
−
d
dt
[
∂L
∂(m˙q)v
]
+
∂L
∂(mq)v
−
∑
i
d
dri
[
∂L
∂
(
m
q
,i
)
v
]
= 0,
(14)
where L = EK −Φ is the Lagrangian of the system, and
ue,i =
∂ue
∂ri
. To actually use eqs. (13, 14) for small vi-
bration of (ue)v and (m
q)v, we first expand the averaged
rescaled free energy density φ¯ = 1
V
∫
φ˜ (m)dV in terms
of (ue)v and (m
q)v and their derivatives and retain the
lowest order terms. Substituting (ue)v = u
e0ei(k˜·r−ωt),
(mq)v = m
q0ei(k˜·r−ωt) into eqs. (13, 14), eq. (4) can be
derived at long wavelength limit, with
R =
[
Re Req
(Req∗)
T
Rq
]
, (15)
K =
[
Ke Keq
(Keq∗)
T
Kq
]
, (16)
where Req∗ and Keq∗ denote complex conjugate of Req
and Keq. In eqs. (15, 16), Reij = −i
1
V
[
∂
∂u˙e
j
(
δEK
δue
i
)]
st
,
Rqij = −i
1
V
[
∂
∂m˙
q
j
(
δEK
δm
q
i
)]
st
, Reqij = −i
1
V
[
∂
∂m˙
q
j
(
δEK
δue
i
)]
st
,
Keij =
∑
p,s
k˜pk˜s
[
∂
∂ue
j,ps
(
d
drp
(
∂φ¯
∂ue
i,p
))]
st
, Keqij =[∑
p,s
k˜pk˜s
∂
∂m
q
j,ps
(
d
drp
∂φ
∂ue
i,p
)
−
∑
p
ik˜p
∂
∂m
q
j,p
(
d
drp
∂φ
∂ue
i,p
)]
st
,
Kqij =
[
∂
∂m
q
j
(
∂φ¯
∂m
q
i
)
+
∑
p
ik˜p
∂
∂m
q
j,p
(
∂φ
∂m
q
i
)
−
∑
p
ik˜p
∂
∂m
q
j,p(
d
drp
(
∂φ
∂m
q
i,p
))
+
∑
p,s
k˜pk˜s
∂
∂m
q
j,ps
(
d
drp
(
∂φ
∂m
q
i,p
))]
st
. Here
a subscript ”st” means that the term is calculated at the
equilibrium state ue = (ue)st and m
q = (mq)st. One
should notice that the stiffness matrix K is completely
determined by the emergent elasticity of the SkX under
5magnetic field[15, 29]. The dispersion relation for
different modes ωi = ωi(k˜) can be obtained by solving
eq. (4). By defining the rescaled frequency ω˜i =
1
η
ωi,
where η =
∣∣∣ γm3D416MA2β ∣∣∣, one obtains a rescaled dispersion
relation ω˜i = ω˜i(k˜) that is material-independent.
Relation between the emergent displacement and
the Fourier magnitudes of SkX at long wavelength
limit
At long wavelength limit, eq. (3) can be expanded as
m =
∑
l
[
(mql)st + (mql)v − i(mql)st (ql)st · (u
e)v
]
× ei(ql)st·r,
(17)
which shows that by setting
(mql)v = i(mql)st (ql)st · (u
e)v (18)
for all ql considered, the vibration of the whole system
vanished. This means that at long wavelength limit the
vibration of ue is equivalent to a specific type of vibra-
tion of the Fourier magnitudes identified by eq. (18). In
fact, when solving the eigenvalue problem of eq. (4), two
orthogonal modes can be specified from eq. (18), which
correspond to two vanishing eigenvalues of the two ma-
trixR andK. As a result, the phonon spectrum obtained
by solving eq. (4) at long wavelength limit is equivalent
to that obtained by solving the following equation
(Rqω −Kq)mq0 = 0. (19)
The difference is that by solving eq. (19), it is hard to
distinguish between deformation of the lattice as a whole
and deformation of the field pattern inside the matrix.
To do this at long wavelength limit, one has to specify
the two orthogonal modes from eq. (18), which are the
modes that does not cause any vibration of the system
(referred to as the V-modes). The effective vibrational
modes solved from eq. (4) satisfy an orthogonal relation
with the V-modes, which can be used to calculate the
value of ue0 in the eigenvector of a specific mode if one
solves eq. (19) instead of eq. (4).
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TABLE I. Specific component of the eigenvectors of the first
six modes calculated at T˜ = 0.5, b = 0.3, k˜1 = 10
−5, k˜2 = 0.
Modes ue01 u
e0
2 m
c0
1 (m
c0
2 ) m
c0
3
ω1(Goldstone) 0.105 0.178 0 0
ω2 0 0 0 0
ω3(CCW) 0.088 0.088 0.532 0
ω4 0 0 0 0
ω5(Breathing) 0 0 0 0.558
ω6(CW) 0.011 0.011 0.167 0
ω7 0 0 0 0
ω8 0 0 0 0
ω9 0 0 0 0
ω10 0.014 0.014 0.158 0
ω11 0 0 0 0
ω12 0 0 0 0.138
ω13 0.018 0.018 0.214 0
ω14 0.001 0.001 0.063 0
ω15 0 0 0 0.281
ω16 0 0 0 0
ω17 0.008 0.008 0.132 0
ω18 0 0 0 0
ω19 0 0 0 0
ω20 0 0 0 0
75
Breathing
4
3
CCW
2
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FIG. 1. Field configurations of SkX undergoing the first 6 modes of emergent phonons calculated at T˜ = 0.5, b = 0.3 near
the Γ point (k˜1 = 10
−5, k˜2 = 0), different plots at four time points t during a period T are shown. In all figures, the vectors
illustrate the distribution of the in-plane magnetization components with length proportional to their magnitude, while the
colored density plot illustrates the distribution of the out-of-plane magnetization component. The black solid line plots the
displaced Wigner-Seitz cell of SkX due to wave motion, while the white solid line plots the static position of the Wigner-Seitz
cell. The first mode ω1 corresponds to the Goldstone mode; the third mode ω3 corresponds to the counter clockwise (CCW)
mode; the fifth mode ω5 corresponds to the breathing mode; and the sixth mode ω6 corresponds to the clockwise (CW) mode.
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FIG. 2. Variation of (a) the frequency, (b) the value of mci , (i = 1, 2, 3) in the unit eigenvector, and (c) the value of u
e
i , (i = 1, 2)
in the unit eigenvector of the first 8 modes of emergent phonons with the applied magnetic field calculated at T˜ = 0.5, k˜1 =
10−5, k˜2 = 0.
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FIG. 3. Spectrum for the first 10 modes of emergent phonons
in the SkX phase of bulk helimagnets within the first Bril-
louin zone. The red curve plots the dispersion relation of
the Goldstone mode solved by considering the vibration of ue
alone.
